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$0$ Introduction
$(- \frac{d^{2}}{dx^{2}}+\frac{1}{4}x^{2}(1+\lambda^{2}x)N\mathrm{I}\psi=E(\lambda)\psi$ $(\lambda>0,N=1,2,\cdots)$ (1)
$\lim_{1x^{1arrow\infty}}\psi(x)=0$ . (2)
(1) (2) $E(\lambda)$ $K$
eigenvalues : $E^{0}(\lambda)$ $<$ $E^{1}(\lambda)$ $<$ $<$ $E^{K}(\lambda)$ $<$ ... ,
eigenfunctions : $\psi^{0}(x, \lambda)$ $\psi^{1}(x, \lambda)$ $\psi^{K}(x, \lambda)$ $\ldots$ .
$\lambda=0$ $E^{K}(0)=I\zeta+1/2$
$\psi^{K}(x, 0)=D_{K-1/}2(x)=e^{-}/4Hx2h’(x)$ $D_{\lambda}(x)$ $H_{K}(x)$ Weber
Hermite
$\lambda\ll 1$ $E^{K}(\lambda)$ $\psi^{K}(x, \lambda)$ $\lambda$
$E^{K}( \lambda)=Ic+\frac{1}{2}+\sum n=\infty 1A_{n}^{h}.\lambda n$ ,





Bender-Wu [BW1,2] ( $1^{\mathrm{B}\mathrm{B}}1$ ) heuristic
exact WKB method
983 1997 36-46 36
$A_{n}^{K}$ exact
$E^{K}(\lambda)$ $\lambda$ 1 2
$E^{K}(\lambda)$ $\lambda$-plane cut $\{\lambda\leq 0\}$
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(i) $E^{K}(\lambda)$ $\lambda=0$ $(N+2)$ branch point o
(ii) $E^{K}(\lambda)$ (cut $\lambda$-plane $\{\lambda\leq 0\}$ )
$(a)$
$(b)$ 1st sheet
$(c)0< \theta<\frac{N+2}{2}\pi$ $\theta$ $R>0$ $E^{K}(\lambda)$
$\{\lambda\in \mathrm{C};|\lambda|>R, |\arg(\lambda)1<\theta\}$
(iii) $E^{K}(\lambda)=O(|\lambda|^{\frac{1}{N+2}})$ ( $\lambdaarrow\infty,$ $\lambda\in$ (any sheets)).
(iv) $0< \theta<\frac{N+2}{2}\pi$ $\theta$ -
$E^{K}( \lambda)\sim I\mathrm{f}+\frac{1}{2}+\sum A_{n}K\lambda^{n}(\lambdaarrow 0, |\arg(\lambda)|<\theta)$.
12
$A_{n}^{K}= \frac{1}{2\pi i}\int_{-\infty}^{0}\frac{\triangle E^{\mathrm{J}\backslash }(\lambda)}{\lambda^{n+1}}d\lambda$, (3)
$\triangle E^{K}(\lambda)=E^{I\mathrm{c}’}(\lambda+i0)-E^{K}(\lambda-i\mathrm{o})$ .
1: Xplane $C$ .
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cut cut $\{-te^{i\epsilon};t>0\}$ ( $\epsilon>0$ )
( 11 ) 12 $\{-te^{1\epsilon};t>0\}$
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$\lambda\in \mathrm{C}$ $E^{K}(\lambda)$ (4) (1)
Y $\theta=\arg(\lambda)$
$x \epsilon\Sigma|x1arrow\lim_{(\pm\theta)}\infty\psi(X)=0$
$\Sigma_{\pm}(\theta)=\{x\in \mathrm{C};|\arg(\pm_{X})+\frac{\theta}{2(N+2)}|<\frac{\pi}{2(N+2)}\}$ . (4)
$\theta=\pi,$ $-\pi$ 2













$\lambda$ $arrow$ $\eta^{-N}e^{i\theta}(\theta=\arg(\lambda))$ ,
$x$ $arrow$ $\sqrt{\eta}x$ .













$2S_{n+1}..1S-+. \cdot.\cdot.\sum_{+j\hslash,j\overline{\overline{\geq}}0}s_{i}S_{j}+\frac{d}{dx}Sn=0(n=0,1,2, \cdot..\cdot\cdot)$ . (9)
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$\sqrt{Q(x)}$ branch simple turning point Stokes curve


























2.4 (turning point, Stokes curve)
(i) $Q(x)$ turning point Simple turning point simple
turning point
(22) Stokes curve
${\rm Im} I_{a}^{x}\sqrt{Q(x)}dX=0$ ( $a$ turning point)





simple : $x= \exp(\frac{i}{2N}(2k\pi-\theta))$ $(k=0,1, \cdots, 2N-1)$
2.5 $L$ turning point $a$ Stokes curve
WKB $\psi_{\pm}$ $\mathrm{L}$ dominant $\pm\int_{a}^{x}\sqrt{Q(x)}dx>0$
subdominant $\pm\int_{a}^{x}\sqrt{Q(x)}dX<0$
$L$
WKB Borel ([DDP]) WKB
$\psi_{\pm}=\exp(\pm\eta\int_{0}^{x}\sqrt{Q(x)}dx)\sum^{\mathrm{w}}\psi\pm,j(Xj=0)\eta^{-j-1/}2$
$\eta$ Borel ( $\psi_{\pm,j}(x)$ $x$ ) Borel
$x$
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turning point canonical (simple turning point Airy
double turning point Weber ) canonical equation
turning point Stokes curve
26 WKB Stokes curve well defined $()$ Borel )
2.7 Stokes line $L$ \tau simple turning point $a$ $L$ $a$
WKB $\hat{\psi}_{\pm}$ $0$
$\hat{\psi}_{+}$ $L$ dominant : $\{$
$\hat{\psi}_{+}$ $arrow\hat{\psi}_{+}+i\hat{\psi}_{-}$
$\hat{\psi}_{-}$ $arrow\hat{\psi}_{-}$




28 Stokes line $L$ (double turning point) WKB
$\psi_{\pm}$ Stokes line ( 4 )
4: $\mathrm{I}_{\text{ }}$ $\mathrm{I}\mathrm{I}_{\text{ }}$ $\mathrm{I}\mathrm{I}\mathrm{I}_{\text{ }}$ IV.
$\{$
IV $arrow$ I: $\psi_{+}$ $arrow$ $\psi_{+}+i\frac{C_{-}}{c_{+}}\frac{\sqrt{2\pi}}{\Gamma(-F+\frac{1}{2})}\eta^{-F}\psi_{-}$ , $\psi_{-}arrow\psi_{-}$
$\wedge 1^{1}\mathrm{H}\Delta \mathrm{p}\mathrm{H}\text{ }\mathrm{I}\mathrm{I}arrow \text{ }\mathrm{I}arrow\nu,\mathrm{H}\wedge\Re 1\text{ }\mathrm{I}\mathrm{I}\mathrm{I}\mathrm{I}\mathrm{I}$ $::\psi_{-}\psi_{+}$ $arrowarrow$ $\psi_{-+i}\frac{c_{+}}{\frac{C_{-}C_{-}}{c_{+}}}\psi_{+}+ie^{2}.\eta^{-}\psi\frac{\sqrt{2\pi}}{\frac{\Gamma(F+\frac{1}{})r_{2\pi}e}{\Gamma(F+)},-}-\cdot\pi F\eta^{p}\psi\frac{1}{2}i\pi FF-,\psi_{+}arrow-,\psi_{-}arrow\psi_{+}\psi_{-}$
$\{$
$c_{\pm}$ $=$ $(-4)^{\pm_{\frac{E}{2N}}}+O(\eta-1)$ ,
$F$
$={\rm Res}_{x=0}s_{\circ \mathrm{d}\mathrm{d}}=-E+C$$ {\rm Res}_{x=0}s_{\mathrm{o}}\mathrm{d}\mathrm{d}=-E+o(\eta^{-1})$.
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2.9





secular equation $\lambda$-plane cut $\{\lambda\leq 0\}$
$E^{K}(\lambda)$ $\triangle E^{K}(\lambda)=E^{K}(\lambda+i0)-E^{K}(\lambda-i0)$
$\theta=\arg(\lambda)=\pi$ Stoke line degenerate (turning point
Stokes curve ) cut
$\epsilon>0$ .2 cut $\{\theta=\pi+\epsilon\}$ ( 1.3 (i) )
$E^{K}(\pm(\pi-0)+\epsilon)$
secular equation $\theta=\pm\pi+\epsilon$ $\Sigma_{+}(\theta)$ $\Sigma_{-}(\theta)$




$\psi_{-}$ $I\mathrm{f}_{+}(\eta, E)\psi_{+}+I\zeta-(\eta, E)\psi-$
eigenfunction $Ic_{+}(\eta, E)=0$ secular equa-
tion subsection $\theta=\pm\pi+\epsilon$
secular equation
$\theta=\pi+\epsilon$ $\theta=-\pi+\epsilon$ Stokes curve \tau $5\sim 7$
5: $N=1$ Stokes curve: $\theta=\pm\pi$ $\theta=\pm\pi+\epsilon$ .
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6: $N=2$ Stokes curve: $\theta=\pm\pi$ $\theta=\pm\pi+\epsilon$ .
7: $N=3$ Stokes curve: $\theta=\pm\pi$ $\theta=\pm\pi+\epsilon$ .
3.1 $\arg(\lambda)=\pi+\epsilon$
8: $\theta=\pi+\epsilon$ path.
cut path 8 2
$IC_{+}(\eta, E)$ $=$ $i(B_{2}(\eta, E)$
$+A_{-}(\eta, E)-A_{+}(\eta, E)+B_{1}(\eta, E)B2(\eta, E)A+(\eta, E)$
$+B_{1}(\eta, E)A+(\eta, E)A-(\eta, E))$ .
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$A_{\pm}$
$= \exp(-2\eta\int_{0}^{\pm 1}S_{-1}d_{X})\exp(-2\int_{\infty}^{\pm 1}(S_{odd^{-}}\eta s-1)d_{X)}$,
$B_{1}$ $=$ $\frac{C_{-}}{c_{+}}\frac{\sqrt[-]{2\pi}}{\Gamma(-p+\frac{1}{2})}\eta^{-F}$,
. $B_{2}$ $=$ $\frac{c_{+}}{C_{-}}\frac{\sqrt{2\pi}}{\Gamma(F+\frac{1}{2})}e^{-i\pi}\eta^{F}$ .
$\mathrm{A}_{\urcorner\text{ }}\omega*$
$\omega:=2\int^{1}01s_{-}dX=2\int 0^{-1}\frac{B(\frac{1}{N},\frac{3}{2})}{2N}s-1dx=$
secular equation $e^{-\eta\omega}$ $0$ 1 2
$E=E_{0}(\eta)+E1(\eta)e-\eta\iota y+E2(\eta)e-2\eta \mathrm{t}d+\cdots$ ,
$E_{j}( \eta)=\sum_{n=0}E_{j,\eta}n-n$
Secular equation $e^{-\eta\omega}$ 1
$B_{2}(\eta, E_{0})=0$ , (13)
$\frac{\partial B_{2}}{\partial E}(\eta, E_{0})E_{1}+\tilde{A}-(\eta,E\mathrm{o})-\tilde{A}_{+}(\eta, E\mathrm{o})+B1(\eta, E\mathrm{o})B2(\eta, E\mathrm{o})\tilde{A}_{+}(\eta, E_{0})=0$ . (14)
( $\tilde{A}_{\pm}=A_{\pm}e^{\eta\omega}=\exp$ $(-2$ $\int_{\infty}^{\pm 1}(s_{\mathrm{o}\mathrm{d}}\mathrm{d}-\eta s-1)dX$)).
(13)
$E_{0}^{\kappa_{=I\zeta}-1}+\overline{2}\perp+O(\eta)$ , (15)




cut path 9 secular equation
$\frac{1}{\Gamma(F+\frac{1}{2})}=0$
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path Stokes curve $N$
$Ic_{+}(\eta, E)$ $N$
turning point $\psi_{+}$ Stokes line subdominant
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